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Abstract. It is shown that the previously described reduction process for tridiagonal matrix 
elements can be used for calculation of the density of States of a system for which the 
traces of powers of the Hamiltonian are known. The result is particularly simple for a 
system of spins. 

The Lanczos procedure generates a representation of a quantum system in which the 
matrix of the Hamiltonian operator is tridiagonal. The form of the representation is 
dependent on a choice of an initial state, and in the case of systems with symmetry, 
states differing in symmetry from the initial state are omitted from the Lanczos 
representation. The purpose of this letter is to show that there is a similar representation 
for the total density of states of a system with bounded energy, that does not depend 
on an arbitrary choice of initial state. 

Define the normalized density of states for a system with D states by 
D 

p ( E ) = D - '  S ( E - E ; )  
i=, 

and the moments of the Hamiltonian by 

pLao = I E p p ( E )  d E  = D-' tr H 4  (1) 

We now introduce a set of states In) (n 2 1) in which the Lanczos operator L takes 
the tridiagonal form. The moments of L within the first state, 11) are to be equal to 
the moments of the Hamiltonian, i.e. 

Pp,o =(lILPI1). 

The matrix elements of L in this hasis can be found by the reduction process previously 
described (Fletcher 1991). L can always be chosen to be Hermitian, and its eigenstates 
form a complete set within the basis In). 

Let IAj) be an eigenstate of L with eigenvalue A,. Therefore 

P ~ . ~  = (llAj)(AjlLplAk)(hkll) 
1.k 

=E A~~( l~Aj )~z .  
j 

Comparing (1) and (2) gives 

p ( E )  =X I(1lAj)l2S(E - A j ) .  
j 
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(3) 
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Thus diagonalizing the Lanczos matrix may give a useful route to the density of 
states. The potential advantage of this process is that the order of the Lanczos matrix 
is equal to the number of energy levels of the system, and may be much less than the 
number of states, as in the following example. 

As an illustrative example, consider a collection of N non-interacting spins, S = $ 
in an external magnetic field, with Hamiltonian 

It is straightforward to calculate the non-vanishing even moments, and thus find 
the irreducible moments 

Thus the diagonal elements of L vanish and 

La,"+, = WJ#(  N - n + 1) for 1 s n < N +  1. 

The order of the Lannos matrix is N + 1 .  This suggests the introduction of a 
fictitious spin s^= N / 2 .  Identifying the state Ip) with the fictitious spin state with 
M, = p - N I 2  - 1, we find the simple form 

L = 2 wg . 
The eigenvalues of L are 2 WM with - N / 2 S  M S  N j 2 .  
The matrix element required in (3) for the density of states is #i, =';NI& = M)\*. 

Manipulating the spin states brings this into the form 2 ; N C ~ N , 2 _ M ) .  Thus the density 
of states takes the expected form 

N 

j - 0  
P ( E ) = ~ - ~  NCjG(E- W N + 2 w ) .  
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